Application of Modal Superposition Technique in the Fatigue Analysis Using Local Approaches  by Horas, C. Silva et al.
 Procedia Engineering  160 ( 2016 )  45 – 52 
Available online at www.sciencedirect.com
1877-7058 © 2016 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license 
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the University of Oviedo
doi: 10.1016/j.proeng.2016.08.861 
ScienceDirect
XVIII International Colloquium on Mechanical Fatigue of Metals (ICMFM XVIII) 
Application of modal superposition technique in the fatigue analysis 
using local approaches 
C. Silva Horasa, J.A.F.O. Correiaa*, A.M.P. De Jesusa, R. Calçadaa, M.L. Aenlleb,           
P. Kripakaranc, F. Pelayob, A. Fernandez-Cantelib 
a. University of Porto, Engineering Faculty, Rua Dr. Roberto Frias, 4200-465 Porto, Portugal 
b. University of Oviedo, Department of Construction and Manufacturing Engineering, Campus de Viesques, 33203 Gijón, Spain 
c. University of Exeter, College of Engineering, Harrison building (Room 181), North Park Road, Exeter EX4 4QF, United Kingdom 
 
Abstract 
The fatigue analysis of materials and structural details using local approaches, such as, stress-life, strain-life or energetic 
approaches, are important to estimate the fatigue crack initiation at notches. Various engineering structures, such as, bridges, wind 
towers, among others are subjected to cyclic dynamic loading which may substantially reduce the strength of these structures. 
Nowadays, the structures tend to be more complex and it is necessary to find computationally efficient solutions to perform their 
fatigue analysis, for dynamic actions corresponding to long complex loading events (e.g. diversity of trains crossing a bridge). 
Thus, this paper aims at presenting a generalization of a methodology based on modal superposition technique for local fatigue 
damage parameters evaluation, which could be applied in fatigue analysis using local approaches. This technique was applied 
recently in the context of fracture mechanics based fatigue crack propagation. But the modal superposition technique can be 
extended to compute the history of local notch stresses and deformations at notches. In addition, the technique can be explored for 
the case of local confined plasticity at notches where global elastic behavior of the component still prevails. Local submodeling 
can be explored with this technique to avoid the necessity of large computational models. Local models are only required to be run 
only for the selected modal shapes of the structure, the local time history of fatigue damage variable being reconstructed by modal 
superposition for each loading event. 
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1. Introduction 
The local and global collapse of large structures due to progressive fatigue damage is a problem that, from a 
structural point of view, has been gaining importance in design, rehabilitation and maintenance of these structural 
systems. The development of fatigue damage can be divided in two different steps: firstly a crack initiation phase 
takes place, which is followed by a crack propagation phase, that will propagate until an instability condition may 
occur, making unsafe the operation of the structure. 
Fatigue damage can be assessed using different methods, namely global S-N approaches, local stress, strain and 
energetic approaches and Fracture Mechanics based approaches. The global S-N approach has been proposed to 
establish a relation between the stress range applied to the structural detail and the whole fatigue life of the detail, 
being the one that is most considered in design codes, including Eurocode 3, Part 1-9 [1]. This approach has some 
important limitations, among them the fact of being applicable only to a limited number of structural details and simple 
loading conditions as contemplated in the codes and also it not accounts for the material influence since S-N curves 
are generally applicable for a broad range of materials. The local and the Fracture Mechanics approaches can be used 
as more precise alternatives to the S-N approach. In fact, in the study of large metallic structures, the applicability of 
the local approaches has been gaining importance to evaluate the fatigue issues [2-5]. 
The number of necessary cycles for the fatigue crack initiation can be computed using a local notch strain approach 
which, considering the localized nature of the early stage fatigue damage, proposes a correlation between a local 
parameter (e.g. strain, energy) and the required cycles to initiate a macroscopy crack. The most well-known relations 
in this area are the proposals by Basquin [6], Coffin [7], Manson [8] and Morrow [9]. Very often the application of 
these relations requires elasto-plastic analyses since plasticity may develop at the vicinity of notches. With this respect, 
the approximate analytical tools such as the ones provided by the combination of the Ramberg-Osgood [10] and 
Neuber [11] relations can be applied to establish the relation between the local elastic stress range and the local 
elastoplastic strain range. 
The Fracture Mechanics can be used to study the fatigue crack propagation problem, complementing the local 
approach or allowing the computation of the residual fatigue life of a structural detail with an initial crack. This 
approach is supported by fatigue crack propagation laws, the Paris’ law being the most important one [12, 13]. 
The feasibility and accuracy of the determination of the stress range is related to the quality of the modeling. 
Increasing the complexity of the structural system leads consequently to significant numerical model challenges which 
appear sometimes associated to the difficulty of defining completely the dynamic loading. Algorithms for solving the 
dynamic numerical problem, as Newmark [14] or HHT [15], often require the calculation of thousands of load steps 
leading to a process with excessive computation time that hinder refined analyses aiming at computing the local fatigue 
damage. Having in mind the referred limitations, it was proposed by Albuquerque et al. [16] the modal superposition 
technique for the computation of stress intensity factors for a propagating crack, assuming a linear global behavior, 
and combining global and local/submodels of the structure.  
The crack initiation mechanism from notched may involve the development of a plastic zone in the higher stress 
concentration area, thus it can be said that locally there is an elastoplastic response, but the global behavior of the 
structure is not expected to suffer a significant change with local reduction of the stiffness which makes possible to 
say that even with local crack initiation the structural system, globally, behaves as linear. 
Considering the mentioned above, the aim of this paper is to propose the use of the modal superposition method 
for the determination of the dynamic structural response, in particular to compute the notch stress/strain range in order 
to allow the computation of the fatigue crack initiation phase, using the local fatigue approaches. 
The application of modal superposition can lead to significant gains in terms of computational times, however in 
the study of large structures the process can be optimized considering submodeling techniques [17], an approach based 
in an interaction between a global model and a detailed local model. This process allows the global model of the 
structure to be simplified without neglecting the correct numerical representation of the structural behavior [2, 3, 18, 
19].  
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Nomenclature 
ܽ half of the crack length (crack length in the case of a lateral crack) 
ܾ cyclic fatigue strength exponent 
ܿ fatigue ductility exponent 
ܥ  geometry-dependent factor of the stress intensity factor 
ܥ damping matrix 
ܦ  damage 
ܧ  Young modulus 
ܨ nodal forces vector dependent of the dynamic load 
݂ nodal forces vector dependent of the dynamic load of the ith mode of vibration 
݇௧ stress concentration factor 
݇௜ modal stiffness of the ith mode of vibration 
ܭ stress intensity factor 
ܭᇱ cyclic strain hardening coefficient 
ܭ stiffness matrix 
ܭௗ௬௡ stress intensity factor due to the dynamic loading 
ܭ௜ stress intensity factor related with the ith mode of vibration 
ܭ௦௧௔௧  stress intensity factor due to the static loading 
ܯ mass matrix 
݉௜ modal mass of the ith mode of vibration 
݊Ԣ cyclic strain hardening exponent 
௙ܰ number of necessary cycles to the crack initiation 
݊௙  number of cycles related with a certain οߪ௡௢௠ 
ܻ       geometry-dependent stress intensity magnification factor 
௜ܻ       modal coordinate of the ith mode of vibration 
οߪ local stress range 
οߪ௡௢௠ nominal stress range 
οߝ௣ plastic strain range  
οߝ  local elastoplastic strain range  
ߝ௙ᇱ  fatigue ductility coefficient 
ߦ௜ damping coefficient of the ith mode of vibration 
ߪ௦௧௔௧ nominal static stress 
ߪௗ௬௡ nominal dynamic stress 
ߪ௜ modal stress related with the ith mode of vibration 
ߪ௙ᇱ cyclic fatigue strength coefficient 
ߪ௠  mean stress 
Ԅ௜ mode shape of the ith mode of vibration 
Ԅ௦௧௔௧ static deformed shape 
ݓ௜   natural frequency of the ith mode of vibration 
2. Theoretical background 
The theoretical background underlying to the proposed methodology in this paper, linking the concepts of the 
modal superposition method, local approaches to compute the necessary number of cycles from the dynamic loading 
to the crack initiation and the utility of the submodeling techniques is presented. 
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2.1. Analysis of dynamic structural behavior using modal superposition 
A cyclic loading acting on a structural system may originate a dynamic behavior. If this loading is known and well 
characterized the dynamic behavior of the structure can be simulated using a numerical finite element model, which 
allows computing for each time step the nodal forces. These values, related to the loading on a certain time, added to 
the knowledge of the structural properties like mass, stiffness and damping allows characterizing the structural system 
and his dynamic behavior through the consideration of a direct integration method or using the modal superposition 
technique. The dynamic behavior of the structural system can be defined by the equation (1), where ܯ is the mass 
matrix, ܥ the damping matrix, ܭ the stifness matrix, each with a dimension of NxN, ܨ the nodal forces vector, Nx1, 
for a certain time step, ݑሺݐሻ, ݑሶ ሺݐሻ and ݑሷ ሺݐሻ, respectively, the vectors of displacement, velocities and acceleration 
whose terms are associated to the N degrees of freedom. 
ܯǤ ݑሷ ሺݐሻ ൅ ܥǤ ݑሶ ሺݐሻ ൅ ܭǤ ݑሺݐሻ ൌ ܨሺݐሻ (1) 
The computation of equation (1) can be done using a direct integration method for each time step, however it is 
easily understandable that for structural systems with an important number of degrees of freedom the computational 
costs starts to be very significant or even unsustainable. 
The modal superposition method is a process computationally more efficient than the direct integration once the 
global dynamic behavior of the structure can be properly reproduced considering the superposition of a limited number 
of vibration modes, being this possible because the structure has a global elastic behavior and has invariant properties 
along the time. Using the modal superposition method, the system of NxN simultaneous equations is converted in N 
uncoupled equations that can be solved independently [20]. 
ሷܻ௜ሺݐሻ ൅ ʹݓ௜Ǥ ߦ௜Ǥ ሶܻ௜ሺݐሻ ൅ ݓ௜ଶǤ ௜ܻሺݐሻ ൌ ௜݂ሺݐሻ 
(2) 
As already referred, equation (2) is the uncoupled equation related to the vibration mode i, where ௜ܻሺݐሻ is the modal 
coordinate vector, ݓ௜  the natural frequency, ߦ௜ the damping coefficient, and ௜݂ሺݐሻ the vector of nodal forces associated 
to the N degrees of freedom for the vibration mode i. Besides the decoupling of the vibration modes, and subsequent 
transformation of the N simultaneous equations system into i uncoupled equations, the efficiency of the modal 
superposition is further increased by the fact of the number of modes being in general much smaller than the number 
N of the degrees of freedom. 
Albuquerque et al. [16] proposed the use of modal superposition method to study the dynamic behavior of a 
structure with an initial elliptic crack aiming at computing the stress intensity factor histories, ܭሺݐሻ. This information 
is important to predict the fatigue crack propagation through the Paris’ law. The stress intensity factor can be computed 
by the following equation: 
ܭሺݐሻ ൌ ܥǤ ߪǤ ξߨܽ (3) 
where ܥ is a parameter that depends on the geometry of the structure and the crack dimensions, ߪ is the nominal stress 
acting on the detail and ܽ the crack dimension. Taking into account that the loading acting on a structure can be 
composed by static and dynamic components, the stress intensity factor can result from the sum of two different 
values, ܭ௦௧௔௧ሺݐሻ and ܭௗ௬௡ሺݐሻ, one that depends on the static stress level, ߪ௦௧௔௧ሺݐሻ, and another that depends on the 
dynamic stress, ߪௗ௬௡ሺݐሻ: 
ܭሺݐሻ ൌ ܭ௦௧௔௧ሺݐሻ ൅ ܭௗ௬௡ሺݐሻ  (4) 
ܭ௦௧௔௧ሺݐሻ ൌ ܥǤ ߪ௦௧௔௧ሺݐሻǤ ξߨܽ  (5) 
ܭௗ௬௡ሺݐሻ ൌ ܥǤ ߪௗ௬௡ሺݐሻǤ ξߨܽ  (6) 
As already referred, the modal superposition method can be applied to structures with a global linear behavior 
which means that it is only applicable to assess the crack initiation or crack propagation due to fatigue when the local 
plasticity phenomenon or the non-linear contact between crack faces do not modify the linearity of global behavior. 
Thus, if these assumptions are verified, the dynamic stress can be determined by: 
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ߪௗ௬௡ሺݐሻ ൌ σ ߪ௜௜ Ǥ ௜ܻ ሺݐሻ  (7) 
where ߪ௜ is the nominal stress associated to the ith mode shape and ௜ܻ ሺݐሻ is, as already referred, the modal coordinate 
of the ith mode of vibration. Considering (6) and (7), the determination of the stress intensity factor is performed 
according to: 
ܭௗ௬௡ሺݐሻ ൌ ܥǤ σ ߪ௜௜ Ǥ ௜ܻ ሺݐሻǤ ξߨܽ = σ ܭ௜௜ Ǥ ௜ܻ ሺݐሻ (8) 
ܭ௜ can be defined as the stress intensity factor obtained with the mode shape of the ith mode of vibration, that means 
the modal stress intensity factor.  Thus, the total stress intensity factor can be computed by: 
ܭሺݐሻ ൌ ܭ௦௧௔௧ ൅ σ ܭ௜௜ Ǥ ௜ܻ ሺݐሻ  (9) 
The logic underlying the concept of the modal stress intensity factors can be extended to other local structural 
quantities as stresses, strains or energetic parameters. Thus equations (4) and (8) can be written in the following general 
form: 
߰ሺݐሻ ൌ ߰௦௧௔௧ ൅ σ ߰௜௜ Ǥ ௜ܻ ሺݐሻ  (10) 
where߰ could be a generic fatigue damage quantity, being ߰௦௧௔௧  the part of this quantity that depends on the static 
loading and  ߰௜  the modal value determined considering the mode shape of the ith mode of vibration. Taking into 
account (10) it is easily understandable that the modal superposition can be extended to compute local quantities 
required to assess the crack initiation due to fatigue phenomenon. 
2.2. Crack initiation assessment 
The fatigue crack initiation can be analyzed considering local approaches which require the computation of local 
fatigue damage parameters in order to establish a relation between these local parameters and the number of cycles 
required to the crack initiation. The most well-known relations in this area are the Basquin [6], (equation (11)), Coffin 
[7] and Manson [8],  (equation (12)), Basquin-Coffin-Manson [5], (equation (13)), and Morrow [21], (equation (14)): 
οఙ
ଶ ൌ ߪ௙
ᇱ൫ʹ ௙ܰ൯
௕
  (11) 
οఌ೛
ଶ ൌ ߝ௙
ᇱ൫ʹ ௙ܰ൯
௖
  (12) 
οఌ
ଶ ൌ
ఙ೑ᇲ
ா ൫ʹ ௙ܰ൯
௕ ൅ ߝ௙ᇱ൫ʹ ௙ܰ൯
௖
  (13) 
οఌ
ଶ ൌ
ఙ೑ᇲିఙ೘
ா ൫ʹ ௙ܰ൯
௕ ൅ ߝ௙ᇱ൫ʹ ௙ܰ൯
௖
  (14) 
where οߪ  is the local stress range, οߝ௣  the plastic stress range, οߝ  the local elastoplastic strain range, ߪ௙ᇱ  and b, 
respectively, the cyclic fatigue strength coefficient and exponent, ߝ௙ᇱ  and c, respectively, the fatigue ductility 
coefficient and exponent, ߪ௠ the mean stress, ௙ܰ the number of necessary cycles to the crack initiation, and E the 
Young modulus. Taking into account these quantities, and in order to use the results obtained from a linear elastic 
finite element analysis, a relation between the nominal elastic stress and the local stress/strain range can be done using 
the Neuber [11] (equation (15)) and the Ramberg-Osgood [10] (equation (16)) equations. 
ሺ௞೟οఙ೙೚೘ሻమ
ா ൌ
οఙమ
ா ൅ ʹοߪ ቀ
οఙ
ଶ௄ᇱቁ
ଵ
௡ᇲൗ   (15) 
οߝ ൌ οఙா ൅ ʹ ቀ
οఙ
ଶ௄ᇱቁ
ଵ
௡ᇲൗ   (16) 
In (15) and (16), ݇௧ is the elastic stress concentration factor, ܭԢ are ݊Ԣ are, respectively, the cyclic strain hardening 
coefficient and exponent and οߪ௡௢௠  the nominal elastic stress range computed near the notch. Considering the 
parameters of the expressions presented above, (equations (11) to (16)), it is understandable that between the input 
values, besides the ones that are dependents of the material behaviour, ݇௧ and οߪ௡௢௠ are the only unknowns. If the 
value of ݇௧ can be easily determined through a static analysis of the finite element model, the nominal stress range 
50   C. Silva Horas et al. /  Procedia Engineering  160 ( 2016 )  45 – 52 
can only be obtained after the dynamic analysis of the structural system, which means that οߪ௡௢௠ can be computed 
solving equation (1) applying the direct integration method or, more efficiently, the method of modal superposition. 
2.3. Submodeling 
Generally, the global numerical model of a large structure, even when built with beam or shell elements discretized 
with a coarse mesh, is able to properly reproduce the dynamic global behaviour [2]. However, despite the accuracy of 
these results, a local analysis demands a much more refined model, typically built with shell or brick elements, which 
tend to be hard to achieve using a global model because it is going to increase the computational costs in a very 
important way [2, 3]. 
An alternative approach that is lighter in terms of computational costs consists in the analysis of the global model 
and the subsequent imposition of the obtained displacement field to a refined model [22]. Hence, the utilization of 
submodeling techniques, beam-to-shell, shell-to-shell, shell-to-solid, beam-to-solid, are particularly useful since the 
displacement fields from the global model is applied to the local model using shape functions which means that there 
are not any constraints to the global or local modelling. 
2.4. Computational algorithm 
Considering the main objectives of this paper, the analysis of the crack initiation due to fatigue using the modal 
superposition method to assess the local damage parameters the following steps are proposed: 
x Computation of the nominal stress, ߪ௦௧௔௧, and of the displacement field, Ԅ௦௧௔௧, due to the static loading; x Modal analysis of the structure and consequent calculation, for each ith vibration mode, the modal frequencies, 
ݓ௜ , the modal mass, ݉௜, the modal stiffness, ݇௜, and the vibration mode shapes, Ȱ௜; x Evaluation of the dynamic loading, ܨሺݐሻ, and determination of the nodal forces, ௜݂ሺݐሻ; x Calculation of the time histories of the modal coordinates, ௜ܻሺݐሻ; x Computation of the nominal stress spectrum, ߪ௡௢௠ሺݐሻ, considering the static and dynamic parts: 
ߪ௡௢௠ሺݐሻ ൌ ߪ௦௧௔௧ ൅ σ ߪ௜௜ Ǥ ௜ܻ ሺݐሻ  (17) 
x Determination of the mean stress, ߪ௠; x Selection of the local approach depending on whether the detail remains elastic or not; 
x Calculation of the nominal stress range, οߪ௡௢௠, and the corresponding number of cycles, ݊௙, applying the 
rainflow method to the nominal stress spectrum, ߪ௡௢௠ሺݐሻ; x Determination of the required number of cycles, ௙ܰ, to the crack initiation applying a local approach; x Computation of the linear accumulation damage, ܦ, using the Miner’s relation: 
ܦ ൌ σ ௡೑ே೑  (18) 
Taking into account the presented computational algorithm, the steps sequence to assess the necessary number of 
cycles to the crack initiation can be summarized as shown in Fig. 1. The computational algorithm may include, or not, 
the consideration of the submodeling techniques. If is not considered a submodel, the nominal stress spectrum is 
computed after the application of the modal superposition method to the results obtained from the global model (see 
algorithm depicted in Fig. 2). 
The proposed methodology, besides the already referred advantages, presents a major value in terms of the 
computation process when several calculations related with different loading scenarios are needed. More specifically 
the consideration of several dynamic loadings only requires the recalculation of ௜݂ሺݐሻ and ௜ܻሺݐሻ and not the entire 
resolution, for every time step, of the NxN system of simultaneous equations. 
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Fig. 1. Flow chart for the application of the proposed modal superposition methodology for fatigue crack initiation assessment (with 
submodeling). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 2. Flow chart for the application of the proposed modal superposition methodology for fatigue crack initiation assessment (without 
submodeling). 
 
The proposed modal superposition technique for the computation of local fatigue damage parameters was explored 
in previous works concerning the application of Facture Mechanics principles to the fatigue crack propagation 
analysis. In this work a generalization and complementary approach is proposed for the computation of fatigue damage 
parameters aiming at fatigue crack initiation assessments. In both cases local non-linearities are expected but while 
they do not change the global linear behaviour of the structure, the modal superposition can be successfully applied. 
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Also for large structures the fatigue crack initiation process does not influence the global behaviour of the structure 
therefore modal analysis only needs to be performed one time. However, when fatigue crack propagation is performed, 
it is worthwhile to refer that the propagating fatigue crack may change the global behaviour of the structure which 
will require periodic updates of the structural vibration modes.  
3. Concluding remarks 
The fatigue damage is a structural problem that is fundamental to assess in order to extend the operational life of 
the existing structures. The scale of large structures puts significant problems in terms of numerical modelling and 
structural analysis, particularly what refers to the application of local models to fatigue. 
The consideration of the modal superposition method permits to optimize the calculation process, turning possible 
the dynamic structural analysis in a computational time affordable to the designer. The use of this method conjugated 
with the use of submodeling techniques, allows a refined analysis of the details that means the computation of the 
local stress/strain data required to assess the fatigue crack initiation at notches. 
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